WIENER’S LEMMA FOR INFINITE MATRICES II

QIYU SUN

ABSTRACT. In this paper, we introduce a class of infinite matrices
related to the Beurling algebra of periodic functions, and we show
that it is an inverse-closed subalgebra of B(¢%), the algebra of all
bounded linear operators on the weighted sequence space ¢4, for
any 1 < ¢ < oo and any discrete Muckenhoupt Ag-weight w.

Constructive Approximation, To appear

1. INTRODUCTION

Let us begin this sequel to [44] by introducing a new class of infinite
matrices,

(11)  B(z4,z) = {A = (ali, J))ijezs

||A||B(Zd,zd) < 00}7

where d > 1, |#|e = max(|x1],...,|z4|) for z = (z1,...,24) € RY,
and
[Allszozey = 3 ( swp a9,
kEZd |Z*]|ooz|k|oo

It is observed that a Laurent matrix A := (a(i—j)); jez associated with
a sequence a := (a(n)),ez belongs to B(Z,Z) if and only if the Fourier
series a(§) := ), . a(n) exp(—v—1 n&) belongs to the Beurling alge-

bra
A*(T) := { Z a(n)e V=1 n ) Z sup |a(n)| < oo}.

n=-—0o k=0 In|>k

The algebra A*(T) was introduced by A. Beurling for establishing con-
traction properties of periodic functions [9], and was used in considering
pointwise summability of Fourier series [11, 16, 17, 41, 49]. So the class
B(Z?,7¢) of infinite matrices can be interpreted as a noncommutative
matrix extension of the Beurling algebra A*(T).
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Define the Grachenig-Schur class S(Z2,7%) by
5@,z = {(a(i,9)),; ez
(1.2) max (sup Y- [a(i, )], sup 3 Ja(i, j)]) < oo}

; d ; d
€27 jega JELE jegd

, 38, 42, , and the Gohberg-Baskakov-Sjostrand class , Y
26, 38, 42, 44 d the Gohberg-Baskakov-Sjo d class C(Z*,Z%) b

(1.3)  cz,z% :={(a<i,j>)i,jezd > (sup |a<z',j>\)<oo}

pezd IR

6, 21, 26, 33, 40, 44]. The above two classes of infinite matrices ap-
peared in the study of Gabor time-frequency analysis, nonuniform sam-
pling, and algebra of pseudo-differential operators etc (see [2, 4, 25, 29,
40, 43] for a sample of papers). From (1.1), (1.2) and (1.3) it follows
that

B(z¢, 7% c c(7*,7%) c S(24,7%).
Hence any matrix in B(Z4, Z%) belongs to the Grochenig-Schur class
S(Z%,74%) and also the Gohberg-Baskakov-Sjostrand class C(Z4, Z4).
An equivalent way of defining an element A := (a(i,})); jeze in

B(Z4,7%) is the existence of a radially decreasing sequence {b(7)};cz4
such that

la(i, )| < b(i —7) foralli,j € Z°,
> b(i) < oo,
i€z

and
b(i) = h(|i|e) for some decreasing sequence {h(n)}>,.

Therefore any infinite matrix in B(Z%,Z%) is dominated by a convo-
lution operator associated with a summable, radial and (radially) de-
creasing sequence. We remark that any infinite matrix in the Gohberg-
Baskakov-Sjostrand class C(Z¢,Z¢) is dominated by a convolution op-
erator associated with a summable sequence [6, 21, 26, 33, 40, 44].

A positive sequence w = (w(1));ezq is said to be a discrete A -weight
for 1 < q < oo if there exists a positive constant C' such that

(Y w@) (vt Y <w<¢)>—1/<q—1>)q_lgo

i€a+[0,N—1]¢ i€a+[0,N—1]d
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hold for all @ € Z¢ and 1 < N € Z, and to be a discrete A;-weight if
there exists a positive constant C' such that

(1.5) N> w@)<C inf o w(i)

ica+[0,N—1]d i€at+[0.N -1

hold for all @ € Z% and 1 < N € Z [19, 41]. The discrete A,-bound,
denoted by A,(w), is the smallest constant C' for which (1.4) holds
when 1 < ¢ < oo, and respectively for which (1.5) holds when ¢ = 1.
The positive sequences ((1 + |i|oo)®)ieze With —d < a < d(q — 1) if
1 < g < oo, and respectively with —d < o < 0 if ¢ = 1, are discrete
A -weights.

For 1 < ¢ < 00, a positive locally-integrable function w on R? is said
to be an A —wez’ght if there exists a positive constant C' such that

(1.6) |Q’ / dw |Q| / 1/(q1>d:c)q_1 <C

for all cubes Q@ C RY, where |@Q| denotes the Lebesgue measure of the
cubic @ [37]. Similarly for ¢ = 1, a positive locally-integrable function
w is said to be an A;-weight if there exists a positive constant C' such
that

(1.7) Ql / y)dy < Cw(zx), z€Q

for all cubes @ C R? [15]. One may then verify that for 1 < ¢ < oo, a
positive sequence w := (w(i))iezd is a discrete A,-weight if and only if
W(x) := D cpa W(i)X[—1/2,1/2)a (7 — @) is an Ag-weight, where xp is the
characteristic function on a set E [34].

For 1 < ¢ < oo and a positive sequence w := (w(i));cze on Z4, let
09 := (4 (Z?) be the space of all weighted g-summable sequences on Z¢,

Jellw = (3 letilow(®) " < oo},

i€Z4

0,27 = { (el0)) ez

For the trivial weight wy (i.e. wo(i) = 1 for all i € Z%), we will use ¢

and || - ||, instead of €% and | - |4, for brevity. Define the discrete
maximal function by
1
Mc(i) == sup ——— Z le(k)|  for ¢ := (c(i));eza-

d
o<vez (2N +1) kit | NN

Similar to the characterization of an A,-weight on R? via the standard
maximal operator [35], the discrete A,-weight can be characterized via
the discrete maximal function on the weighted ¢¢ space. More precisely,
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a positive sequence w := (w(i));ez¢ is a discrete A,-weight if and only
if the discrete maximal operator ¢ — Mc is of weak-type (¢2, (%), i.e.,
there exists a positive constant C' such that

C
E w(i) < —chng for all @« > 0 and c € 7.
Mc(i)>a @

Moreover for 1 < ¢ < oo, the discrete maximal operator M is of strong
type (¢2,¢%) for a discrete A,-weight w, i.e., there exists a positive

wrrw

constant C’ such that

| Mc|lgw < C'||¢)lgw  for all c € 2.

The reader may refer to [19] for a complete account of the theory of
weighted inequalities and its ramifications.

Now let us present our results for infinite matrices in B(Z%,Z%). In
Section 3, we establish the following algebraic properties for the class
B(Z%,7¢) of infinite matrices.

Theorem 1.1. Let 1 < g < oo, and let w be a discrete A,-weight.
Then B(Z%,7¢) is a unital Banach algebra under matriz multiplication,
and it is also a subalgebra of B(¢1), the algebra of all bounded linear
operators on the weighted sequence space (.

By Theorem 1.1, every infinite matrix A € B(Z% Z%) defines a
bounded operator on ¢¢ for any 1 < ¢ < oo and for any discrete
Ag-weight w, i.e., there exists a positive constant C' such that

|Acllgw < Cllc]lgw for all ¢ € £,

see (3.16) for an estimate of the above constant C'. Besides the above
boundedness of an infinite matrix on the weighted sequence space ¢4,
it is natural to consider ¢4 -stability. Here for 1 < ¢ < oo and a positive
sequence w on Z¢, we say that an infinite matrix A has (9 -stability if
there exists a positive constant C' such that

C lellgaw < l[Acllgu < Cllellga  for all ¢ € £,

The (9 -stability is one of the basic assumptions for infinite matrices
arising in the study of spline approximation, Gabor time-frequency
analysis, nonuniform sampling, and algebra of pseudo-differential op-
erators etc (see [2, 4, 25, 29, 30, 40, 43, 44] and the references therein.)
In Section 4, we establish the equivalence of ¢4 -stabilities of any infinite
matrix in B(Z%, Z?) for different exponents 1 < ¢ < oo and for different
discrete A,-weights w.
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Theorem 1.2. Let A € B(Z%Z%. If A has (% -stability for some

1 < ¢ < oo and for some discrete Ag-weight w, then it has Kg,—stabilz’ty
for all1 < ¢ < oo and for all discrete Ay-weights w'.

The reader may refer to [1, 39, 50| for the equivalence of unweighted
1 -stability of infinite matrices in the Gohberg-Baskakov-Sjostrand class
C(z4,72%). If A € B(¢4) has a left inverse B € B({%), i.e., BA = I, then
A has ¢ -stability. The converse is not true in general, unless ¢ = 2.
As an application of Theorem 1.2, we show that the converse holds for
any infinite matrix A in B(Z%, Z).

Corollary 1.3. Let 1 < g < oo, and let w be a discrete A, -weight.
Then an infinite matriz in B(Z,Z%) has (4 -stability if and only if it
has a left inverse in B((1).

Given a Banach algebra B, a subalgebra A of B is said to be inverse-
closed if A € A and the inverse A~! of the element A exists in B implies
that A= € A [20, 36, 48]. The next question following the (% -stability
of an infinite matrix in B(Z?, Z¢) is whether its inverse, if exists in
B(¢2), belongs to B(Z%,Z%), or in the other words, whether B(Z%, Z¢)
is an inverse-closed subalgebra of B(¢4).

The inverse-closedness for the subalgebra of absolutely convergent
Fourier series in the algebra of bounded periodic functions was first
studied in [10, 20, 36, 51]. The inverse-closed property (=Wiener’s
lemma) has been established for infinite matrices satisfying various off-
diagonal decay conditions, see [3, 5, 6, 18, 21, 24, 26, 30, 40, 42, 44|
for a sample of papers. Inverse-closedness occurs under various names
(such as spectral invariance, Wiener pair, local subalgebra) in many
fields of mathematics, see the survey [22].

The inverse-closed property of non-commutative matrix subalgebras
has been shown to be crucial for the well-localization of dual wavelet
frames and dual Gabor frames [4, 25, 30, 31, 32], the algebra of pseudo-
differential operators [23, 29, 40], the fast implementation in numerical
analysis [13, 14, 28|, and the local reconstruction in sampling theory
2, 43, 46].

In [24], Grochenig and Klotz considered the forms of off-diagonal de-
cay that can be inherited under matrix inversion and said that “The
answers so far mix art and hard mathematical work. The art is to
guess a suitable decay condition, the work is then to prove that this
decay condition is preserved under inversion.” Particularly in our case,
the art part is to find suitable algebras A of infinite matrices and the
mathematical part is to prove the inverse-closedness of the algebra A
in B(¢%). There are several approaches to prove the inverse-closedness
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of a subalgebra of B(¢1). Here are three of them: (i) the indirect ap-
proach, such as the Gelfand’s technique [18, 20, 26]; (ii) the semi-direct
approach, such as the bootstrap argument [30] and the derivation trick
[24]; (iii) the direct approach, such as the commutator trick [6, 40],
the decomposition technique based on the Bochner-Phillips theorem
(6, 7, 21], and the asymptotic estimate technique [39, 42, 44]. Each
approach has its advantages and limitations. For instance, the Gelfand
technique and the asymptotic estimate technique work well for inverse-
closed subalgebras of B(¢?) with ¢ = 2, but they are not directly ap-
plicable for inverse-closed subalgebras of B(¢9) with ¢ # 2. The com-
mutator trick is applicable to establish Wiener’s lemma for subalgebra
of B(¢7),1 < g < oo [6, 40]. In Section 5, we combine the commutator
trick, the asymptotic estimate technique and the equivalence of (-
stability for different exponents ¢ and for different discrete A,-weights
w, and then establish Wiener’s lemma for subalgebras of B(¢%), where
1 < ¢ < oo and w is a discrete A, -weight.

Theorem 1.4. Let1 < g < 0o and let w be a discrete A -weight. Then
B(Z,Z%) is an inverse-closed subalgebra of B(¢4).

Remark 1.5. Let 1 < ¢ < oo, w be a discrete A,-weight, and A =
(a(i,7))ijeza € B(Z%,Z%) have a bounded inverse in B(¢%). Inspection
of the proof of Theorem 1.4 shows that the norm ||A~!||5 of the inverse
matrix A~! depends on the exponent ¢, the weight w and the matrix
A not only through the discrete A,-bound Ay(w), the norm [|A||zza 74y
in the algebra B(Z?, Z?), the operator norm || A~ ||, in the operator
algebra B(¢1), and also through a rather implicit quantity N such
that Ay (W) 37 5 x/2 SUPji—jle >k [a(6, )] is sufficiently small.

As an application of Theorem 1.4, we obtain Wiener’s lemma for the
Beurling algebra A*(T) of periodic functions [8].

Corollary 1.6. If f € A*(T) and f(§) # 0 for all £ € R then 1/f €
A*(T).

As applications of Theorems 1.2 and 1.4, we establish the equiva-
lence between the (% -stability of an infinite matrix in B(Z¢,Z%) and
the existence of its left inverse in B(Z?, Z<).

Corollary 1.7. Let 1 < g < oo, and let w be a discrete A,-weight.
Then an infinite matriz in B(Z,Z%) has ¢4 -stability if and only if it
has a left inverse in B(Z4, Z%).
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2. A CLASS OF INFINITE MATRICES

In this section, we introduce a class of infinite matrices with off-
diagonal decay, which includes the class B(Z%, Z%) in the Introduction
as a special case.

A weight matriz on Z% x 7%, or a weight matriz for brevity, is a
positive matrix u := (u(i, j)); jeze With each entry not less than one,
ie., u(i,j) > 1foralli,j € Z% For 1 < p < oo and a weight matrix
u = (u(i,j))jeza, define

(21) B, (29,79 = {A = (a(i, §)); jezs
where

22) Aoz = s el )uG. )

li=jloo=kloo

[ Allg, 20 < o0}

keZdllp

If p=1and u=1 (ie., all entries of the weight matrix u are equal
to 1), then

Byu(2%,2%) = B2, Z%) and |- |5, @120 = | | 5@e,z0)-

In this paper, we use By, B, ||||5,... ||| 5 instead of B, ,(Z%, Z%), B(Z*, Z%),
I I8, (@e,29), || - | B(z2,20) for brevity.

Remark 2.1. Let 1 < p < oo and u be a weight matrix. Define the
Grochenig-Schur class S, (Z%,Z%) of infinite matrices by

8y, 2%) = { A= (ali, ) jeo

|Alls, 220y < 00},

where
145z = e (s a0 )l 500 i . 5) )

26, 38, 42, 44]. For p = 1, the class S;,(Z% Z%) was introduced by
Schur [38] for weight matrices u := (w(7)/w(j)); jeze generated by pos-
itive sequences w := (w(i));eze, and by Grochenig and Leinert [26] for
weight matrices u := (v(i — j)); jeze associated with positive functions
von R% For 1 <p < oo, the class S, ., (Z% Z%) was introduced by Sun
for polynomial weights u := ((1 + |i — j|oo)®)i jeze With a > d(1 —1/p)
in [42] and for any weight matrix u in [44]. From the above definition of
the Grochenig-Schur class S, (Z4, Z%), the following inclusion follows:

(2.3) B,.(2%, 7% C S,.(Z%, 7%

for any 1 < p < 0o and for any weight matrix w.
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Remark 2.2. Let 1 < p < oo and u be a weight matrix. Define the
Gohberg-Baskakov-Sjostrand class C,,,(Z%,Z%) of infinite matrices by

Cou (28,2 i= { A 1= (a(i, )): ez

where

Al zsz0) < o0},

||A”cp’u(Zdyzd) = H <z§l]1£)k: (|(I(i,j)|U(i,j))>kezd

p

6, 21, 26, 27, 33, 40, 44]. For p = 1 and the trivial weight matrix ug
(ie., up(i, j) = 1 for all 4, j € Z%), the class Cy 4, (Z%, Z%) was introduced
by Gohberg, Kaashoek, and Woerdeman [21] as a generalization of the
class of Laurent matrices associated with summable sequences. It was
reintroduced by Sjostrand [40] in considering an algebra of pseudo-
differential operators. For p = 1 and nontrivial weight matrices u :=
(v(i = j))ijeza associated with positive functions v on R?, the class
C1..(Z%,Z%) was introduced and studied by Baskakov [6] and Kurbatov
[33] independently, see also [26]. The above definition of the Gohberg-
Baskakov-Sjostrand class C,,(Z%, Z%) is given by Sun [44] for any 1 <
p < oo and any weight matrix u. From the definition of the Gohberg-
Baskakov-Sjostrand class C,, (2%, Z¢), we have the following inclusion:

(2.4) B,.(Z%, 7% C C,.(Z°, 7%
for any 1 < p < oo and for any weight matrix w.

Remark 2.3. The inclusions (2.3) and (2.4) become equalities when
p = 00, l.e.,

(2.5)  Boow(Z*,Z%) = Coo (2%, 2%) = Suo (24, 2%) =: T, (27, Z%)

The class J,(Z% Z4) of infinite matrices is usually known as the Jaf-
fard class, [6, 14, 24, 26, 30, 42, 44]. The Jaffard class J,(Z%, Z%) with
polynomial weight matrix u := ((1 + [i — j|)*); jeze Was introduced by
Jaffard [30] in considering wavelets on an open domain. The Jaffard
class J,(Z% Z%) with weight matrices u := (v(i — j)); jeze associated
with positive functions v on R¢ was introduced by Baskakov [6] inde-
pendently, and later applied nontrivially in the study of localization of
frames [26], adaptive computation [14], and nonuniform sampling [43].

For the class B, of infinite matrices, we have
Proposition 2.4. Let a € C, 1 < p < oo, u = (u(i,7));jeze be
a weight matriz, and let A = ((a(i,)); jeze and B = (b(i,J)); jeza
belong to B,,. Then

(1) [[A+ Blls,. < [|Alls,. +[[Bls,.-
(11) ||aA||Bp,u = |a|||A||Bp,u
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(111) ||A*||Bp,u = ||A||Bp,u Zf U(Z,]) = U(],Z) fO?" all i,] € Zd; where
A* = (a(j,z'))ijezd is the conjugate transpose of the matriz A.
(iv) [[Alls,. < IBll,. if |Al < |B], i.e., |a(i, )| < [b(i, )| for all

i,j € 74,

All conclusions in the above proposition follow directly from (2.1)
and (2.2). From the conclusions (i) and (ii) of the above proposition,
we see that || - |3, , is a norm on the class B, of infinite matrices. The
properties in the conclusion (iv) is usually known as the solidness of
the matrix norm || - |5, .-

3. ALGEBRAIC PROPERTIES

In this section, we establish some algebraic properties for the class
B, of infinite matrices and give a proof of Theorem 1.1.

Let us first recall the concept of a p-submultiplicative weight matrix
u [26, 44, 45]. For 1 < p < oo, a weight matrix u = (u(i, )); jezd
is said to be p-submultiplicative if there exists another weight matrix
v := (v(i,])); jeze such that

(3.1) v(i,j) > 1 foralli,jeZ,
(3.2)  u(i,j) <wu(i,k)v(k,j) + v, ku(k,j) foralli, j ke Z%
and

(3.3)  Cplv,u) = H( sup (U(i,j)(u(@j)rl))

|i—jloo 2 [kloo

< 0.
p/(p—1)

For p = 1, we simply say that a weight matrix is submultiplicative
instead of 1-submultiplicative. We call the weight matrix v satisfying
(3.1), (3.2) and (3.3) a companion weight matriz of the p-submultiplicative
weight matrix u. Denote by C'(u) the set of all companion weights of a
p-submultiplicative weight matrix u, and define the p-submultiplicative
bound M, (u) by M,(u) := inf,cc@) Cp(v,u). One may verify that C(u)

is a convex set and the infinimum of C,(v,u) in the set C'(u) can be
attained for some companion weight matrix v. So from now on, except
stated explicitly, we always assume that the companion weight v of a
p-submultiplicative weight matrix u is the one satisfying

(3.4) My(u) = Cy(v,u).
Remark 3.1. From the definitions of p-submultiplicative weight ma-

trices on Z? x Z%, we have the following:

(i) A p-submultiplicative weight matrix is g-submultiplicative for
all 1 <qg<np.
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(i) A necessary condition for a weight matrix u := (u(4, j)); jeza to
be p-submultiplicative is u(7, j) < Cu(i, k)u(k, j) for all i, j, k €
Z% and for some positive constant C. When p = 1, the above
necessary condition is also a sufficient condition [26].

(iii) Let 1 < p < 00,6 € (0,1), and let o be a number with the
property that a > d —d/pif 1 <p < oo, and a > 0 if p = 1.
Then the Laurent matrices p, := ((1+|i_j‘°°)a)i,jezd generated
by the polynomial weight (1 + |z|)*, and e; := (exp(|i —
j|go))ijeZd generated by the sub-exponential weight exp(|x|2,),
are p-submultiplicative [44].

Now we state the main result of this section, an extension of Theorem
1.1.

Theorem 3.2. Let 1 < p < o0,1 < g < o0, u be ap-submultiplicative
weight matriz with the p-submultiplicative bound My(u), and let w be a
discrete A,-weight with the A,-bound A (w). Then the following state-
ments hold.
(i) If v is a companion weight matriz of the p-submultiplicative
weight matrix u, then

(35)  [[ABlls,, <275V (| Alls, || Bls,., + I Alls, I1Bls,..)
for all A, B € B,,.

(ii) By is (and hence B is also) an algebra. Moreover
(3.6)
|ABlls,,, < 24225400 ()| Alls, | Blls,, for all A,B € By,

(iii) By is a subalgebra of B. Moreover

(3.7) |Allp < Mpy(u)||Al|g,., forall Ac B,,.
(iv) By is (and hence B is also) a subalgebra of B(¢). Moreover
(3.8) 1Al g < 2203%9( A (w) VM (u) [ All s, g

forall A€ By, and c € li.

Before we give the proof of the above theorem, let us next make some
remarks on the unital Banach algebra property of the algebra B, ,,, on
the equality of spectral radii in the algebras B, , and B ,, and on the
inclusion B, C B(¢4).

Remark 3.3. For 1 < p < oo and a p-submultiplicative weight matrix
u = (u(7,7))i jeze, following the standard procedure [20, 36] we define
HA“%’,,,u 1= SUp| s, =1 |AB||g,, for A€ B,,. Then

IAB|l5,, < I Alls,,IBls,, forall A,B € B,,.
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If the weight matrix u further satisfies

(3.9) M :=supu(i,i) < oo,
iezd
then the identity matrix I belongs to By, and the norms || - ||, , and

| -1, on By are equivalent to each other, because
M Al < [IAlls,, < 25275000, () [ Alls,, for all A € By,

by the conclusion (ii) of Theorem 3.2 and the fact that |||z, = M.
Therefore if 1 < p < oo and w is a p-submultiplicative weight matrix
satisfying (3.9), then the class B,, of infinite matrices endowed with
the norm || - [|j3 , becomes a unital Banach algebra.

Remark 3.4. Let 1 < p < oo, u be a p-submultiplicative weight
matrix satisfying (3.9), and v be its companion weight matrix. If the
companion weight matrix v is submultiplicative, then both B,, and
B, are algebras by the conclusion (ii) of Theorem 3.2, and B,,, is a
subalgebra of B, since

(310)  [Als, < Colo. )l Alls,. for all A€ B,
Applying (3.10) with A replaced by A™ and then taking n-th roots and
the limit as n — oo yields

pe,,, (A) = limsup(||A™[|s,, )" < limsup(]|A*[l5,.,)"" =: ps,.(A).

n—oo n—oo

From the conclusion (i) of Theorem 3.2 it follows that
14715, < 225D A5, A5, ,-

Taking n-th roots on both sides of the above inequality and then letting
n — oo lead to the inequality pg, ,(A) < pgs, ,(A). This implies that if u
is a p-submultiplicative weight matrix and its companion weight matrix
v is submultiplicative, then the spectral radii pg,,(A) and pg, ,(A)
are the same for any A € B, i.e., pp, ,(A) = pg,.(A) for all A €
By The above procedure to establish the equality of spectral radii
in the algebras B, and B;, from the inequality in the conclusion (i)
of Theorem 3.2 is known as Brandenburg’s trick [12, 24]. Another
technique to prove the equality of spectral radii in two algebras A; and
As with the same unit element is by showing that

(3.11) [ Al 4, < Cll Al 4,
and
(312) A% < CHAIE AN for all A Ay,

where ||-|| 4, and [|-|| 4, are norms in the algebra A; and A, respectively,
and where C' € (0,00) and ¢ € [0,1) are constants independent of
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A € A. The estimates in (3.11) and (3.12) for Ay = B(¢?) and A, =
Spu(Z,7%) or C,.,(Z%,Z%) are established in [42, 44], while those for
Ay = B((?) and A; = B, ,,1 < p < 00, are given in Lemma 5.3.

Remark 3.5. The conclusion (iv) of Theorem 3.2 about the bounded-
ness of an infinite matrix in B on the weighted sequence space ¢ is a
simplified discrete version of the second conclusion in [41, Proposition
2 of Chapter 10]. The reader may refer to [27, Lemma 3.1] for a general
result on the boundedness of an infinite matrix on sequence spaces.

We conclude this section by giving the proof of Theorem 3.2.

Proof of Theorem 3.2. (1): Let 1 < p < 0o, u be a p-submultiplicative
weight matrix, and let v be a companion weight matrix of the weight
matrix u. Take A := (a(i,J)); jeze and B := (b(i, j)); jeza in By, and
write AB := (c(4,7))i jeze. Then it follows from (3.2) that

e )ulig) = | D2 ali, kb(k. ) u. )

> lali k)luli, k) b(k, j)lo(k, /)

(3.13) + Z la(i, k)|v(i, k)|b(k, j)|u(k,j) for all i,j € Z%.

kezd

IN
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For 1 < p < 0o, we obtain from (3.13) that

> la(i, k)luli, k)b(k, j)lo(k, )

< < Z (’CL(Z"k/)|U(i7k/))p’b(klajﬂv(k;',j)) 1/p
><< Z |b(k//,j)|v(k,u’j)>(p—1)/p
k!'ezd
< (181.) (X b))

YA

><< sup (la(@, 5" |u(@, j >) )

¢ ="l oo 2|i—jloc /2

w0 s (D))

|# =500 >i=jl00 /2

(3 (ati k)i )}

k'ezd

(IBls,.) " {IBls. (s (lald, 7l )")

3" =" o0 2|i—3 oo /2

Hls ) (e ()

|4 =5"|oo 2|i=j]o0 /2

IA

and

> la(i k)o(i, k)lb(k, 5)lulk, /)

kezd

(Al )Ll (s (0 )@, 7))

[# =500 2|i=jl o0 /2

HBls ) (s (@)}

i =5l 00 2li=jloo /2

IN

13
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Combining the above two estimates with (3.13) leads to

14Bls,.. = [( sw  (le.i)ut )

li—Jloo2[kloo

kczZdllp

(r—1)/
< (1Bls..) " ""{IBlls..,

(s (al Pt 5))")

li=Jloo =kl /2

X

kezdll1

1/p
)

(1Al )| (s ()l 51)

fi—dloo > kloc /2

(r—1)/
+(14ls,.) " Alls,,

< s (o))

li—Floo>kloo /2

kezd

keZd 111

}l/p
1

S8 s (@ )

< 2500 (|| Al |Blls,., + | Alls,. | Bls,.. )

kezd

where we have used the fact that
3 14

()] < e ] o)

li=jloo=|kloo /N li=Jloo>kloo

for any integer N > 1 and A := (a(i,j)) € B. This proves (3.5) for
1<p<oo.
For p = oo, it follows from (3.13) that

Hence (3.5) for p = oo is proved.
(ii) Let v be the companion weight matrix of the p-submultiplicative
weight u that satisfies (3.1)—(3.4). Then

(3.15) IAlls,., < My(u)||Alls,. forall A€ B,,,

because

swp oG, )o(ig) < (s el (i)

li—jloo>kloo [#" =" o0 2[K|oo

(s o))

[#" =" loo 2 [K|oo

hold for all k£ € Z¢. Combining (3.5) and (3.15) proves (3.6).
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(iii) Let v be the companion weight matrix of the p-submultiplicative
weight u that satisfies (3.1)-(3.4). Then

|All5 < ||Allz,, forall A€ By,

by (3.1) for the weight matrix v. This together with (3.15) gives (3.7)
and hence proves the conclusion (iii).
(iv) By (iii), it suffices to prove

(3.16) ||AC||q,w < 22d3d/q(Aq(w))1/q||A||B||C||q7w

for all A := (a(i, j)); jeze € Band c € £, Set h(n) := supj,_;_>, |a(i, j)|-
Then {h(n)}>2, is a decreasing sequence, i.e., h(n + 1) < h(n) for all
n > 0, and

ihzl Dol+Dd < 92dp(q 2d+22( Z h(8)>21(d—1)
=1

=2 l— 2<S<21 1

é 22dh QSth

< 2%p(1) + 2% Z > h(|k| o)
s=2 keZd with |k|eo=s

< 2%(||A]ls — (0)).

For 1 < ¢ < oo and a discrete A, -weight w,

[Acllgw < {Z<Zh i — floo)le )|) w()}l/q
: {Z| [l } {Zwi)(ih@l—lmuﬂ)d)q1

(Zh 2l-1) —(I+1)d(q— 1)( Z |C<j)|)q)}1/q.

201 < i oo <2t
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Thus

|Acllgss < B(O)lclgan + 22 V(|| Alls — B(0)) /7

x{ Z Z h(21) —(1+1)d(q—1)

i€Zd 1=1

(X rcu)mu(j))

211 <Jijlo0 <2!
(% wiy )Y
21 <i— /| o <2

This together with the discrete A,-weight assumption leads to
1Acllqw < BO)lellgu + 224 D/(||All 5 — B(0)) '~ D/9( A, (w))"1

- 1 o(I+1)d w(i)
{Zh Y )

(X )}
21— oo <2t

h(0)lellgu + 224 D9(||Alls — h(0))\"/9( A (w))

{Zthl o(I+1)d <Z‘ ) [9w(5)

jezd
(X > s
e€{—1,0,1}4 [i—j—e2l—1| g <211 2 i<zt W)
< 220302 ( Ay (w)) V|| Alls ] e
and hence (3.8) for 1 < ¢ < oo is established.

The conclusion (3.8) for ¢ = 1 can be proved by similar arguments.
We omit the details here.

IN

q,w»

4. 01 -STABILITY

In this section, we prove the following theorem (a slight generaliza-
tion of Theorem 1.2) and Corollary 1.3. We also provide a characteri-
zation of the ¢4 -stability of a Laurent matrix in B.

Theorem 4.1. Let 1 <p < oo, 1 <q,q¢ < oo, let the weight matriz u
be p-submultiplicative, and w,w’ be discrete A,-weight and A, -weight

respectively. If A € B, has €% -stability, then A has Eg,—stability.



WIENER’S LEMMA FOR INFINITE MATRICES II 17

As the trivial weight wg (i.e. wo(i) = 1 for all i € Z¢) is a discrete A,-

weight for any 1 < ¢ < 0o, we have the following corollary of Theorem
4.1.

Corollary 4.2. If A € B has (?-stability for some 1 < g < oo, then A
has (7 -stability for all 1 < ¢ < .

We remark that similar results about ¢¢-stability for different ex-
ponents ¢ € [1,00] are established by Aldroubi, Baskakov and Krish-
tal [1] for infinite matrices in the Gohberg-Baskakov-Sjostrand class
Ci o (2%, 7%) with a > (d + 1)2, by Tessera [50] for a > 0, and by Shin
and Sun [39] for a > 0, where p, = ((1 4 i — j|oo)®)s jeze-

The ¢4 -stability is one of the basic assumptions for infinite matrices
arising in many fields of mathematics (see [2, 4, 25, 29, 30, 40, 43, 44|
for a sample of papers), but little is known about practical criteria
for the ¢%-stability of an infinite matrix, see [47] for the diagonal-
blocks-dominated criterion for the ¢2-stability of infinite matrices in
the Gohberg-Baskakov-Sjostrand class C(Z4, Z%). As an application of
Theorem 1.2, we have the following characterization of the ¢4 -stability
of a Laurent matrix in B.

Corollary 4.3. Let 1 < q < oo, A := (a(i — j))ijezs be a Laurent
matriz in B, and let w be a discrete A,-weight. Then A has (1 -stability

if and only if (&) =3, cpa a(n)e VI £ 0 for all € € RY.

To prove Theorem 4.1, we recall a characterization of discrete A,-
weights.

Lemma 4.4. [19, 41] Let 1 < ¢ < oo. Then w = (w(i));eza is a
discrete A,-weight with the A -bound A,(w) if and only if

(v @) (v Y w)

i€a+[0,N—1]d i€a+[0,N—1]¢
(4.1) < Aw)NT YT (i) w (@)
ica+[0,N—1]4

hold for all a € Z¢,1 < N € Z and sequences c := (c(i));cza-

To prove Theorem 4.1, we need a technical lemma about estimating a
bounded sequence ¢ via the sequence Ac, which will also be used later
in the proof of Theorem 1.4. Similar estimate is given in [40] when
the infinite matrix A belongs to the Gohberg-Baskakov-Sjostrand class
C(Z%,7Z%) and has (P -stability for the trivial weight w = 1.
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Lemma 4.5. Let 1 < ¢ < 0o, and w be a discrete Ag-weight. If A € B
has 09 -stability, then there exists a nonnegative sequence {g(i)};cza on
7% such that

(4.2) Z ( sup g(z)) < 00

pezd " liloo=Ikloo
and
(4.3) le()] < D gli = DI(Ae)()], i € Z°,
jEZA

where ¢ € £*°.
Proof. Without loss of generality, we assume that

(4.4) lellgw < ||Acl|gw for all ¢ € £1.

Let h(x) = min(max(2—|z|x, 0), 1) and N be a sufficiently large integer
chosen later. Define linear operators WY n € NZ4, on (4 by

e .= (h(j ]_Vn)c(j)>jezd for ¢ := (c(j))jeze € L2,

Then for ¢ := (c(j)) eza € €% and |n —n'|oc < 8N,
(2 A — AT Ticl| g0

- { ] (5 - n D)

i€zt jezd

ati, (7)ol wo)}
< N—1/2{Z( Z Ia(i,j)llc(j)|>qw(z')}1/q
i€2¢  Jijlee<VN
HY (Xl wi}
€28 |i—jloo>VN
< {22d+2d/‘1N—1/2(Aq(w)>1/q||A||B+23d+2d/g+1(Aq(w))1/q

(45) (3 s )) el

i— 7| oo >k
‘k‘ooz\/ﬁ/2 |i—J]oo>k|oo
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where the last inequality follows from (3.16) and the following estimate:
sup la(i, j)]
kezd li—iloo >max(|k|o,V'N)
< @VN+1D)? sup Ja(ig)+ Y sup |a(i, j)
i-ilee>VN eyl ke
< Y s i)
My T

Similarly for ¢ := (¢(j));jeze € ¢4, and |n —n'|c > 8N,

(U3 A~ AT )Tl g

- (Z ’ Z h(i ]_vn)a(i,j)h(j ;Vn/)c(j)

iczd  jezd

o N7 .\ /4
(s @) (X ) )
|i" ="l oo =|n—n] 00 /2 li—n|oo<2N  |j—n/|cc<2N

< 2N ) (s ali )

[#=J"|oo = |n—n/]00 /2

qw@_))l/q

IN

D ir—nje<an W(I) \ 1/a
(4.6) <( =) el
Z|¢un/|m<2N w(i)
Define
Q= Z w(i'), n€ NZ*

[t/ —n] oo <2N

and the linear operator @y on ¢ by

Dy = << Z (h(j ]_Vn)>2>lc(j)>jezd for ¢ := (c(j))jeze € &,

neNZ4

Then for all n’ € NZ¢ with |n —n’| < 8N,

(4.7) am <Y w(i') < 6% A (w)a
i —n] 0o <1ON

by (4.1), and

(4.8) |Pncllgw < |lc]lgw forall c € 1.

Note that ¢ € (2 for any ¢ € (* and n € NZ?, and

(4.9) 1Y ellgw < ar/%llelloe, n € NZX.
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Then for ¢ € ¢*°, combining (4.4), (4.5), (4.6), (4.7), and (4.8) leads to

(4.10) o, YW el g < 0V AV el g

N Ac]l g + T (B A = AT )elg 0

< a WY Ac] g + 0,0 D [(BYA = AT NS TN
n/eNZ4

o, VO Acllgu + 20U AL )P0 YT 0T

[/ —n|oo <8N

(NP2 S s el )

Kloo> V2 Ml
+ > el

[ —n|oe>8N
(2N A ) (s al ) }

|7 =500 =|n—n'] 00 /2

= o, VTN Al + D Viv(n — 0o, 0N el g0

n'ENZ4

IA

VAN

Define sequences VY := (V4 (n))nenza, | > 1, as follows:
Vi(n):=Vy(n) ifl=1andn e NZ%,
Vi(n) =3 enze Vo (n =)Vt () if 1> 2 and n € NZ4.
Then for ¢ € (>, applying (4.10) repeatedly yields

o, W el g0

lo
< oY Aclgw + > Y Vin—n)ag W Acfy
=1 n’eNZzZd
(411)  + D VR = n)ay O, o > 1
n/€NZa
Set

do= 3 s Vi)l
keNzd Moo Zlkloo

Inductively for [ > 2,

e < YD sup V()
kedeln‘oozlk‘oo/Z

1 -1 d.1 [-1
ten E sup |V (n)] < 5%pyey
keENZA [7|oo >1k|oo /2
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where we have used (3.14) to obtain the last inequality. This shows
that

(4.12) ey < (5%y)! forall I > 1.
Note that

el < 24d+2d/‘133d(Aq(w))2/q{Nd( sup |a(z",j')|>
|i'—j'| oo >4N

+2d+1< Z sup \a(z”,j’)\)

ir— il | > k!
k’EZd, |k/‘m2\/ﬁ/2 |7‘ J ‘00_‘ ‘00

N Al f + 22 Ay (1))

{0 N s @)

s
|k|oo>8N,kENZ? [ =3" oo 2 [Kloo /2

S 24d+2d/(133d(Aq(w))2/q{Nfl/ZHAHB
EAGDY sup ol 1)}
K €Z%, |k'|oo>VN/2 |7 =5 loo 2| K/ 0o
+22d+1(Aq(w))l/q Z ( sup |a(@",j’)|>
k'€Zd, |k'|>TN [t =700 2Tk |00 /16
< 29933 (A, () INTVP Al g 4 2733 (A (w))

(X (s el ))

it >k
k'ezd, |k'/‘ooZ\/N/2 |4 —35"00 =1kl 0o

— 0 as N — 400

by the assumption A € B. Let N be the integer chosen sufficiently
large so that

(4.13) ey <5

Taking the limit as [y — oo in (4.11), and using (4.9), (4.12) and (4.13)
lead to

a;l/qujch%w < Oégl/qlmjiv/lc”q,w

o

+ Y (Vi — ) e A,

n’e€NZd I=1

(4.14) = Z Wi (n —n")o, MO Acl|y..

n'€NZ4



22 QIYU SUN

and

(4.15) Z ( sup \WN(n)]><oo.

kENZd ‘n‘ooz‘k‘oo

Given any ¢ E Z% let n(i) be the unique integer in NZ? with i €
n(i) + {0, .. — 1}d Then
any < Y w(i’) < (6N)MA (w)w(i)
i —i] oo <3N

by (4.1). This together with (4.14) implies that for any ¢ € £,
e(@)] < <6N>d<A <w>>1/qa;”quwﬁl)cnqw

< ON) (A" D Wiv(n(i) —n')
X(Zh<<j—n'>/N>|<Ac><j>|)
< (ON)*(Ag(w)) V1

(X0 X m—i)+eam)icon}

jezd  ee{—4,.. 4}d

(4.16) = Y gli=HI(A)G).

jezd
Then the sequence {g(i)};cza just defined satisfies (4.2) and (4.3), the
requirements in Lemma 4.5, by (4.15) and (4.16). O

Now we proceed to prove Theorem 4.1.

Proof of Theorem 4.1. By Theorem 3.2, it suffices to prove the conclu-
sion for any infinite matrix A € B.
By (3.16),

(4.17) || Ac|lgar < 227399 (Ay (W)Y || Allgllcllg.r for all ¢ € £9,.
Let {g(7)}ieza be the sequence in Lemma 4.5, and set

Ap = Z ( sup g(z)) < 00.

vz liloo>klos

Then
lellew < [[(X 96— nlA0) |

(4.18) < 2239 Ag(Ay (W)Y || Adll g for all ¢ € £ N (7,
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where the first inequality follows from (4.3) and the second inequality

holds by (3.16). Combining (4.17) and (4.18) proves the Kgu,,—stability
for the infinite matrix A € B. O

Finally we prove Corollary 1.3.

Proof of Corollary 1.3. The necessity is well known, while the suffi-
ciency follows from Theorem 3.2 and Corollary 1.7, whose proof will
be given in the next section. 0

5. INVERSE-CLOSEDNESS

In this section, we prove Theorem 1.4, Corollaries 1.6 and 1.7, and
the following Wiener’s lemma for the subalgebra B, ,, of B(¢%).

Theorem 5.1. Let 1 < p,q < oo, w be a discrete A -weight, u :=
(u(i, 7)) jeza be a p-submultiplicative weight matriz that satisfies (3.1),
(3.2), (3.3), (3.9) and

u(i,j) = u(j,i) for all4,j € Z%,

and let v = (v(i,])); jeza be a companion weight matriz of the p-
submultiplicative weight matriz u that satisfies (3.4). If there exist
D € (0,00) and 6 € (0,1) such that

i 0
(5:1) J{frg (AN + BN(p)t) <Dt forallt>1
where
(5.2) Ay = ap (i)
(koo <V [FlooSIi =" loo <N
and

(5.3)  By(p) := H( sup v(i',j/)(u(ilvjl))il)

|7 =5 |00 2[kloo

koo >N/21lp/(p—1)

then B, is an inverse-closed subalgebra of B(¢1).

One may verify that the weight matrices ((1 4 |7 — j|)®); jeze with
a > d(1 —1/p), and (exp(|i — j|°)); jeze With 6 € (0,1), and their
companion weight matrices satisfy the conditions on weight matrices
required in Theorem 5.1 [44]. Hence we have the following corollary of
Theorem 5.1.

Corollary 5.2. Let 1 < p,q < 0o, w be a discrete A,-weight, and let u
be either ((1+]i—j|oo)®)ijeze witha > d(1—1/p) or (exp(|i—j|%)): jeze
with § € (0,1). Then B,,, is an inverse-closed subalgebra of B({(1).
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5.1. Proof of Theorem 1.4. Let A € B have an inverse A~! €
B(£4). Then ||cllgw < A7 5ees) | Ac|lgw for all ¢ € €4, where || - || g,
is the operator norm on B(¢2). Therefore A has ¢4 -stability. By Lemma
4.5, there exists a sequence {g(7) };cza such that (4.2) and (4.3) hold.

Write A™' = (b(,7))ijeza, set ¢; == (b(i,]))ieza, and for Iy > 1
define ¢ == (by, (i, 5))icza, j € Z, where by, (i, j) = b(i, §) if i — jloo <
lo and O otherwise. Then cé-“ € (> N/l and

(5.4) lim || — ¢;]lg = 0.

lo—+o00 J
Applying (4.3) to czo gives
(5.5) b (i, 5)] < Y gli = IN(AL)(@)], i€z

i'ezd

By (4.2), (5.4), and Theorem 3.2,
Y gli = (A = e))(@)]

i'ezd
N\—1/q o lo .. 11
< w@) ™| (X gt - A - el
i e7d
< 243200 (i) Ay (w)) )| Alls
-/ lp _ .
g H < ijliglljkloo 907 N)keZd 1”63 Cilla
(5.6) — 0 asly— +oc.
Letting lp — 400 in (5.5) and applying (5.6) gives
(5.7) b(i,§)| < g(i —j) foralli,j € Z°.
Hence the conclusion A~ € B follows from (4.2) and (5.7). O

5.2. Proof of Corollary 1.6. Write f(¢) =3, _, a(n)e”V~1", Then
A = (a(i — j))ijez belongs to B and has bounded inverse in B(¢?).
Moreover, A™' = (b(i — j)); ez for the sequence b := (b(n))nez de-
termined by 1/f(§) = >_,.cz b(n)e V=€ By Theorem 1.4, A~' € B
which in turn proves the desired conclusion that 1/f € A*(T). O

5.3. Proof of Corollary 1.7.  The necessity follows from Theorem
3.2. Now the sufficiency: Let 1 < ¢ < oo, w be a discrete A,-weight,
and let A € B have ¢%-stability. Then A has (*-stability by Theorem
1.2, i.e., there exists a positive constant C' such that

CHlellz < ||Ac|| < Clc|lz for all ¢ € £2
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This implies that A* A has bounded inverse in B(¢?). On the other hand,
A*A belong to B by Proposition 2.4 and Theorem 3.2. Therefore
(5.8) (A*A)teB

by Theorem 1.4. Now we prove that B := (A*A)~1 A* is the desired left
inverse of the infinite matrix A in B. The conclusion that B € B follows
from (5.8), Proposition 2.4 and Theorem 3.2. From the definition of
the infinite matrix B, it defines a left inverse in B(¢?), it belongs to
B(¢2) by Theorem 3.2 and B € B, and the set 2 N ¢4 is dense in £4.
Therefore the infinite matrix B is a left inverse in B(¢%). O

5.4. Proof of Theorem 5.1. To prove Theorem 5.1, we need a
technical lemma. Similar results are established in [42, 44] for infinite
matrices in the Grochenig-Schur class S, (Z% Z%) and the Gohberg-
Baskakov-Sjostrand class C, (24, Z%), see also Remark 3.4.

Lemma 5.3. Let 1 < p < oo. If the weight matriz u satisfies (3.1),
(3.2), (3.3), (3.9) and (5.1) for some positive constants D € (0,00) and
0 € (0,1), then

(5.9)  [|4%|l5,. < 225D Al ||All g, for all A€ By,

Proof. Let A := (a(i,7))ijeze € Bpu, and let Ay and By(p) be as
in (5.2) and (5.3) respectively. Recall that |a(i, j)| < ||A[|ge2) for all
i,7 € Z% Then for 1 < p < oo,

> lali, K)luli, K)la(k, )oK )

k'eza

inf{HAHB(gz) S lali k) uli, Kok, )

N>1
[&'—jloc <N

30 el k)G R)lalk )k, )}

[k —jloo>N

it {4l (D2 el )

a k" —jloo <N

(D0 (ali K)luli, K)ok, 5))

[k —jlooc <N

(X la )

|k =jloo>N

(X (ali Kt K)Plat, k. )

k' —jloo>N

IN

IN

)(p—l)/p
1/p

(r=1)/p
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Therefore we obtain
[ s (3 lai )i Klalk, etk )}
pezd [i=iloc2lkloe ™ 1 g
< inf {1 Allse(An)
<(AvYS s (ali (@, 7))

o = loo > Koo /2

Lo\ 1/p
Al > s (i ))

keZd ‘k‘oo/2§‘i/_j/|ooSN

Al (B (p) D
x(r|A\|Bp,uBN<p>Z swp (la(@, j)lu(i, )"

keZd |’L/_.7,|002|k|00/2

Al (> sup

pezd |’ —3'leo>max(|kloc /2,N)
(U(i’,j’) )p/(p—1)> (p—l)/p> 1/p}
ul’, j')
2250/ Alls,,, inf (|| Allsen) Ax + Br(p)|Alls,.. )

IN

< 9l+2/pg(d— 1)/1)DHAHZZ(9HAHM2

Similarly, we have

{Z ~ sup (Z la(i, )i, &) |a(k, j)|u(k )>p}1/p

keZd [i—3 oo >]koo k' ezd
1+2 d—1 1+60
< 2SR D A B Ak

Combining the above two estimates and applying (3.13) with B = A,
we then get the desire conclusion (5.9) for 1 < p < co.

The conclusion (5.9) for p = 1 and for p = oo can be established
similarly. We omit the details here. U

Having the above technical lemma, we can combine the arguments
in [42, 44] and Wiener’s lemma for B to prove Theorem 5.1.

Proof of Theorem 5.1. Let A € B,, and A™' € B({2). Then A™! €
B C B(¢?) by Theorems 1.4 and 3.2. This implies that C11 < A*A <
Cs1 for some positive constants Cy and Cy, where A* is the conjugate
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transpose of the matrix A and [ is the identity matrix. Now set
2

B:=1-— A*A.
C1+ Gy
Then
Cy—C
(5.10) IB|se) < G 01 =7y < 1.

On the other hand, A*A € B, , by Proposition 2.4 and Theorem 3.2,
and [ € B,,, by (3.9). This shows that

(5.11) IB|ls,. < oo.

Given any integer n > 1, write n = 250:0 62! with ¢ € {0,1}. Applying
Theorem 3.2 and Lemma 5.3 iteratively gives

1B"l8,. < (CIBls,.)"I1B" s,

€ _ lo—1 . !
< C(C|Bll5,.)° (|| Bllsz) " == r12
><(||BZfiEl6z+12‘||8p’u)(1+0)
< CO(CBls, ) 0 OO (|| By Tt 42 - (1400

logo (1+46)

< Cc*="(Crg'||Blls,.)" T o

VAN

where C' = max(22+2/P5(d=1/p D 214+2/p5(d=1)/P N[ (v)). This together
with (5.10) and (5.11) shows that

1A I, = [(A"4)" A5,
C + C
- Ot (ZB”)A* .
<@ ‘5 CQ{HA*HBP,U +O)A s,
x (i e (Cr1Bls,)" ) | < oo
n=1
Hence the conclusion A~! € B, is proved. O
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